We examined the question that what is a general form of quark mass matrices which is achieved by the transformation that leaves the left-handed gauge interaction invariant.
Introduction
There are increasing interests in understanding the CKM mixings and the CP violation parameter. Many works were made to find Ansätze for quark mass matrices and discussed its predictions. The Fritzsch Ansatz [1] is one of examples. This approach is called the texture zero analysis where some elements of mass matrices are required to be zero to reduce the degrees of freedom in mass matrices. The extensive works are made along this line [2] - [5] .
Recently, some attention was paid to the inverse problem, that is, to reconstruct quark mass matrices directly from the experimental data. This problem is ambiguous until the form of quark mass matrices is fixed. Therefore, we need to choose a general and convenient form of quark mass matrices to start with. One of candidates is the nearest neighbor interaction (NNI) form which is considered as a "general" form of quark mass matrices because this form is achieved by the transformation that leaves the lefthanded gauge interaction invariant [6] . Harayama and Okamura [7] chose the NNI form and showed directly how elements of quark mass matrices are expressed by observables, quark masses and CKM parameters. However, the NNI form of quark mass matrices contain twelve parameters so that all parameters are not fixed uniquely because there are only ten observables for three generation case. Hereafter, we consider only three generation case. Subsequently, Koide [8] showed that within the NNI form the 3-2 element of upquark mass matrix can be made zero in general. This is achieved by using the rephasing freedom of quarks. Now the number of parameters in this parametrization is ten so that quark mass matrices are completely determined by the data.
Recently, one of authors showed [9] that quark mass matrices can be transformed in general to either one of the following two forms, the Fritzsch-type parametrization or the Branco-Silva-Marcos(BS)-type parametrization. The Fritzsch-type parametrization is that the u-quark mass matrix is in a Fritzsch form [1] , while the d-quark mass matrix is in the NNI form. The BS-type parametrization is that the d-quark mass matrix is in the Branco-Silva-Marcos form [10] , while the u-quark mass matrix is in the NNI form. The transformation to these forms is constructed explicitly in Ref. [9] and examined for what quark mass matrices the transformation is possible. In both parametrizations, quark mass matrices contain ten physical parameters so that they can be determined uniquely by quark masses and the CKM parameters. The formula how to express quark mass matrices in terms of data are given. Falcone, Pisanti and Rosa [11] reconstructed quark mass matrices by using some special form: M u is in a diagonal form and M d has zero at the 1-1, 2-2 and 3-1 elements, and the form where M u and M d are exchanged.
In this paper, we analyze the transformation in detail and examine for what form of quark mass matrices the transformation to the Fritzsch-type or the BS-type parametrization is possible. Our answer is that the transformation is possible for most of physically meaningful quark mass matrices, that is, those which reproduce the present data of quark masses and CKM mixing parameters well. Then we reconstruct quark mass matrices from the experimental data in the Fritzsch-type parametrization.
In below, we shall briefly explain the transformation as an introduction. First, we give the transformation of quark mass matrices to the Fritzsch form:
where
and
under the condition that the equation for the u-quark phases θ j , 
where elements of the matrix H d are given by
The matrix H d contains u-quark phases which are determined from Eq.(4) and all others are determined by quark masses and the CKM matrix.
Similarly, the transformation of quark mass matrices to the BS form is obtained.
Here, M d is transformed to the BS form
while all others are obtained by just changing the suffix u to d and the phase θ j to φ j and K to K † . Thus the condition for the existence of the transformation becomes
Here, D u is the diagonal mass matrix for u-quarks and O d is the orthogonal matrix which
In the following, we solve equations in Eq. (4) and (8) and examine in what region of CKM parameters the solution exists and reconstruct the quark mass matrices from the experimental data for the Fritzsch-type parametrization.
In Sec.2, we see how M u can be transformed to a Fritzsch form or how M d can be transformed to a BS form. We obtain a complex equation containing two phases for each case. In Sec.3, we show that these equations have solutions for two phases, when mass matrices are ones which reproduce the CKM quark mixings. Summary is given in Sec.4.
Region of CKM parameters where the transformation exists
We examine the equation for quark phases given in Eq. (4) or (8) . If the solution exists, the transformation of quark mass matrices to the Fritzsch-type form or the BS-type form becomes possible. It is hard to solve these equation explicitly so that we try to solve perturbatively with respect to a small parameter, Cabibbo angle λ. For this purpose, we first parametrize the CKM matrix in a Wolfenstein form
where σ, σ ′ , δ and δ ′ are related to ρ and η in the original Wolfenstein parameter as
We define ratios of quark masses as
When we need to estimate numerically, we use λ = 0.2205 for the Cabibbo angle and the running quark masses in units of GeV defined at µ = M Z [12] ,
The case of the Fritzsch-type parametrization
In order to solve the equation (4) for phases, θ 12 = θ 1 − θ 2 and θ 23 = θ 2 − θ 3 , we need the orthogonal matrix O u which diagonalizes the Fritzsch mass matrix for u-quark and
The matrix O u is expressed in terms of ratios of up-quark masses as
Next, the matrix KD 2 d K † is estimated by using d-quark masses and CKM parameters.
In the leading order of λ, we find
By keeping leading order terms of λ, the equation (4) is expressed as
This is a complex valued equation with two variables θ 12 and θ 23 . From the equation
where, N = p 2 + q 2 + 2pq cos δ ,
The condition of the existence of the solution of θ 23 and also θ 12 is −1 ≤ Z/2N ≤ 1. By using quark masses in Eq. (12) and λ, this condition gives the region in the ρ − η plain for a given A. In Fig.1 
The case of the BS-type parametrization
Analysis can be made similarly to the Fritzsch case. The matrix O d which diagonalizes the BS mass matrix for d-quarks is given by
By keeping leading order terms, the equation (8) is expressed as
where φ 12 = φ 1 − φ 2 , φ 23 = φ 2 − φ 3 , and
We find a solution for φ 23 as
There is another solution, λ −1/2 (A 2 +λr 2 s )/2Ar s , but this is unphysical because it is larger than one if we use the current CKM data and quark masses given in Eq. (12) . Once φ 23 has a solution, φ 12 also has a solution. We show the result in Fig.2 , where the dotted area is an allowed region similarly to the Fritzsch-type parametrization case. This region is almost independent of the change of A and extends all experimentally allowed area.
So we conclude that the transformation to the BS-type parametrization is possible for all allowed parameters region. The point indicated by F-BS type corresponds to the case where M u takes a Fritzsch form and M d does a BS form where unique prediction for ρ and η is obtained.
Reconstruction of the quark mass matrices for the

Fritzsch-type parametrization
The u-quark mass matrix is in the Fritzsch form so that it is expressed by u-quark masses so that we concentrate M d . This can be made by using a formula given in Eq. (5) . For this, we have to evaluate H d first and the angles θ 12 and θ 23 next. By using the expressions in (13) and (14), we find
In addition, we have
Then, the elements of M d are reconstructed as
These expressions contain phases θ 12 , θ 12 − δ and θ 23 which are fixed by solving Eq. (4) or (15). That is, from Eq.(17), cos(θ 23 − ζ) is given and then the angle θ 23 is obtained as
where the upper sign corresponds to positive sign case of sin (θ 23 − ζ) and the lower sign does to negative sign. Next, by using exp(i(
where,
Finally, θ 12 is obtained by using Eq.(30).
By substituting these angles, the mass matrix M d is expressed in terms of quark masses and CKM parameters.
Since expressions are complicated, we show the result numerically. For quark masses and λ, we take the values given before and we use the central values for A and σ, i.e.,
|K cb | and |K ub |. Then, elements of M d depend on the CP violating parameter δ. Thus, we present the values of elements as a function of δ. We show the result in Fig.3 and 
Discussions
We showed that the transformation of quark mass matrices which leaves the left-handed gauge interaction invariant to the Fritzsch-type form or to the BS-type form is possible in "general". The word "general" means that it is possible for almost all quark mass matrices which reproduce the present data of CKM mixings and the CP violating phase. Thus, we concluded that the above forms are most general forms which we can start in general. By using the Fritzsch-type form, we reconstructed quark mass matrices from quark masses, CKM mixings and the CP violating parameter. We calculated each elements of mass matrices numerically and showed in Figs.3 and 4. As it is already known, the symmetric mass matrices are not allowed in this parametrization so that the asymmetric form is unavoidable.
In this paper, we discussed quark mass matrices at M Z scale, but it is more interesting to have them at the unification scale since they may be related directly to the structure of Yukawa interactions in grand unified theories. This can be done immediately by following our procedure once the data at the unification scale are given. Thus, it is important to obtain the CKM mixings at the unification scale from those at the weak scale, which is now under consideration.
The asymmetric form of quark mass matrices is inevitable for the NNI basis so that we have to go to another type form if we prefer to use symmetric form. The symmetric form arises naturally in models like SO(10) unification. As for the symmetric form, the most interesting choice will be the one where the 1-1 and 1-3 elements are zero. It should be possible to transform quark masses in this form in general and reconstruct the quark mass matrices from the data. This is now under investigation.
Finally, from our analysis we can say what quark mass matrices are required once the CP violating phase is fixed in the Fritzsch-type NNI parametrization. 
